Abstract. In this paper we introduce the Isotherm Length-Work theorem using the Helmholtz potential metric and the virial expansion of pressure in inverse power of molar volume. The theorem tells us what length of a thermodynamical system described by equation of state through virial expansion along isotherms actually is with such a metric. We also give explicit solutions for thermodynamic length along isotherms in the case of first, second and third order expansion.
Introduction
It is known that the energy and entropy metric, introduced separately by F.Weinhold [11] and G.Ruppeiner [4] , were used to study thermodynamic length by P.Salamon ([5] , [6] , [7] , [8] ), R.S.Berry ( [5] , [8] ), J.Nulton ( [6] , [8] ), E.Ihrig [6] and others. In [10] , we found an explicit relation between length and work for a "quasi-Ideal" case using Weinhold and Ruppeiner metrics. Here we look at the metric obtained by the Helmholtz potential(*) (second derivatives of Helmholtz free energy with respect to the extensive variables) and use virial expansion of pressure with respect to inverse molar volume to state and proof the Isotherm Length-Work Theorem. We find a general relation between thermodynamic length and work along isotherms.
Thermodynamic length with the Helmholtz potential metric
It is well-known that the Helmholtz (molar) potential f is the Legendre transformation of u that replaces the molar entropy s by the temperature T as independent variable. That is
Now, since f = u − T s, we have the following differential, [1] ,
, we have,(with S.Preston-work in progress),
where (1) C v is the heat capacity at constant volume:
(2) C p is the heat capacity at constant pressure:
3) (3) α is the thermal coefficient of expansion:
(4) k is the isothermal compressibility:
Then, given
where η ij are elements of the thermodynamic metric and X i represent independent coordinates in thermodynamic state space, the thermodynamic length with the Helmholtz potential metric becomes
Now, the thermodynamic length at constant temperature reduces to
where det (η ij f ) = − Cp T vk T , and at constant molar volume to
3. The Isotherm Length-Work Theorem
In [10] , we have found that, with both the energy and the entropy metric, thermodynamic length for Ideal( and quasi-Ideal) TD systems was proportional to work along isotherms. It is evident that using a different metric, namely the Helmholtz potential metric, we can mathematically generalize this idea due to the convenient form of the second integral in (2.9).
The Isotherm Length-Work Theorem uses the virial expansion in inverse power of molar volume which is given by, [1] ,
where B(T ), C(T ), etc. are the virial coefficients.
If we expand p up to the n-th power, then, we might express (3.1) as
where Y (T ) and Z(T ) are the (n − 1)-th and the n-th virial coefficients. Now, since the temperature is constant, say T = T 0 , let's set B(T 0 ) = B, C(T 0 ) = C, etc. and so, recalling the second integral in (2.9), we have
Theorem 1. Isotherm Length-Work Theorem.
Let T and v be non-zero. Then, along isotherms, thermodynamic length is given by
any of the following:
where W is work.
Proof.
Consider (3.3),
It can be rewritten as
dv which gives
Therefore, after rearranging, and considering that
where we drop the n − th integral for simplicity.
Considering the first integral, we can integrate by parts considering variables ξ and W , (work), such that
and, since
then we have
Substituting (3.9) into (3.8), we get our final result (3.5). (3.6) is immediate from (3.4).
Remark 1.
Note that while (3.5) gives evidence that thermodynamic length is also work, (3.6) is easier for computational purposes.
Let's now look at specific cases. In particular, let's look at the first, second and third expansion;i.e. n = 1, n = 2 and n = 3.
For n = 1, we have the Ideal (or quasi-Ideal) case.
Then, along isotherms,
where W is work given by W =
pdv.
Proof I.
In this case, all the virial coefficients are zero and n = 1. So, from (3.5) and (3.6),
we get (3.11) immediately.
Always along isotherms, it is easy to show that thermodynamic length is work also in the case in which we consider the volume occupied by molecules (quasi-ideal).
In particular, if p = RT v−b then (3.11) still holds.
Proof II.
We look at the case in which
where f is the molar Helmholtz potential. Naturally, (3.12) is equivalent to 
Let's consider, now, the case n = 2 in which the only non-zero virial coefficient is B.
Corollary 2. Let
where the length is evaluated from volume v 1 to v 2 and work is given by W = RT [ln(
Proof. From (3.5) and (3.6) after some calculation.
Remark 2. This result would help us to understand what thermodynamic length is
along isotherms for TD systems in which some interaction is occurring. Note that, if B = 0, like in the corollary 1, then length reduces to (3.11).
We conclude with the case n = 3. We have the following 
